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During the 2015 stage, 5 papers were published in ISI ranked journals with impact 

factor > 0.5 and other 4 papers were submitted for publication also to ISI ranked 

journals.  The papers [1] and [4] below are published in journals included in the 

red area of the list for rewarding the research results of 2015. All papers 

correspond to research objectives of this grant and acknowledge its support. The 

team members gave 9 talks at international conferences based on this research. 
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Summary of the scientific results obtained. Classifying as well as finding the 

number of groups of a given (finite) order is one of the oldest problems in 

algebra: it was initiated by Cayley in 1854 who classified all groups with at most 

7 elements. Let g(n) = the number of isomorphism classes of groups of order n. 

Computing (or even approximating) this famous number was always a central 

problem in group theory: up to now g(n) is known for any n < 2048 and the 

computations were recently finalized in 2008 by Conway, Dietrich and O’Brien. 

If n is the power of a prime number, then g (p^m) is known up to m=7 and the 

computations were finished in 2005 by O’Brien and Vaughan-Lee (up to m<5 

the results were proved by Holder in 1896 - i.e. the progress made in solving this 

problem was extremely slow). In the paper [1] we indicate a combinatorial-



theoretic ’formula’ for computing g(n): more precisely we proved that this 

formula arises only from the factorization of the symmetric group S_n = S_{n-1} 

C_n, where C_n is the cyclic group with n elements. To this factorization we can 

associate a matched pair of actions (each of the two groups C_n and S_{n-1} 

acts on the other one in a canonical way) which are explicitly described in an 

unexpectedly simple manner. Out of these actions we can deduce, as a corollary, 

the theoretical formula for computing g(n) using theoretical results previously 

proved in the first part of the paper where we answer in three steps the 

‘bicrossed descent problem’ (or the classifying complements problem) for 

groups. The classifying complements problem was introduced for Hopf algebras 

and Lie algebras in a paper reported in the 2013 stage, it has an elementary 

statement at the level of groups and it can be seen as a sort of a converse of Ore’s 

factorization problem. We state is as follows: Let A<G be a subgroup of a group 

G. Describe and classify all subgroups H of G such that G factorizes through A 

and H. Having as inspiration source the classical theory of descent we gave the 

complete solution to this problem by constructing a combinatorial-coomological 

type object. By applying this theory for  the subgroup S_{n-1} of S_n we arrive 

at the formula for computing g(n). 

 

In the paper [2] we approach the extending structures problem in the context of 

associative algebras, namely the following question: for a given algebra A describe 

and classify all algebras which contain A as a subalgebra of a given codimension. 

We gave a complete theoretical answer to it by explicitly constructing a non-

abelian coomological type object which is responsible for the classification. This is 

an extremely technical construction whose computation for concrete examples is 

complicated but the theoretical applications turned out to be very interesting. 

Among others, as a first application, we explicitly described the Galois group of an 

arbitrary algebra extension B/A  as a subgroup in a certain semi direct product of 

groups.  The second application refers to the description and classification of a new 

special class of algebras we introduced, inspired by group theory as well as Lie 

algebras (we called them super solvable or flag algebras), which are finite 

dimensional associative algebras A with an ascending chain of subalgebras starting 

with k and ending with  A itself such that each subalgebra has codimension 1 with 

respect to the next subalgebra in the chain. The theoretical machinery we 

developed allows us to classify these algebras, over arbitrary fields, and the key 

role is played by certain characters and skew derivations. 



 

The paper [3] is devoted to the study of Poisson algebras. These are the 

differential counterpart of Hopf algebras and they describe the Poisson manifolds 

(a certain manifold is Poisson iff the algebra of smooth functions on it has a 

Poisson algebra structure). However, they also provide another bridge towards 

quantum groups. Besides the interest in itself for the purely algebraic study, 

Poisson algebras are fundamental objects in many directions situated at the border 

between different fields of mathematics: differential geometry, lie groups and 

representation theory, hamiltonian mechanics, algebraic/differential geometry, 

(super)integrable systems, vertex operator algebras, etc. In this paper we gave the 

theoretical answer to what we have called the global extension problem, a problem 

which generalizes the famous extension problem of Holder. Formulated in a very 

general framework, for Poisson algebras the global extension problem consists of 

the following question: for a given Poisson algebra P, describe and classify all 

Poisson algebras Q for which there exists a surjective Poisson algebra map  Q  

P whose kernel has a fixed codimension. In [3] we gave the theoretical answer to 

this problem: inspired by similar constructions performed in Hopf algebra theory 

we introduc the crossed product for Poisson algebras. Furthermore, we explicitly 

construct a global non-abelian coomological object which is responsible for the 

classification part of the problem and we prove that this object is equal to the 

coproduct of all non-abelian standard coomologies. In particular, the classical 

second abelian Poisson coomology group appears as the most elementary piece 

among all components of the global coomology object we constructed. A special 

case which we studied in detail is what we have called Poisson co-flag algebras: 

these are the algebraic counterpart of Poisson manifolds which admit a flag made 

of Poisson submanifolds.  The theoretical results are rather technical but the 

examples provided are relevant. In particular, we introduce the concept of a 

metabelian Poisson algebra which is the counterpart of the classical concept of 

metabelian group and their structure was captured as a special case of the main 

results presented in the first part of the paper.  

 

The paper [4] is dedicated to the study of Jacobi-Jordan algebras: introduced in 

2014 by Burde and Fialowski as ‘commutative Lie algebras’ (i.e. algebras 

endowed with a bracket which satisfies the Jacobi identity but instead of skew-

symmetry the operation is symmetric) proved themselves to be a very interesting 

class of algebras. In particular, the kernels of the so-called Bernstein algebras 

(algebras introduced as generalizations of the genetic algebras from mathematical 



biology) defined in 1987 are Jacobi-Jordan algebras. Moreover, any Jacobi-Jordan 

algebra is a Jordan algebra, a class of algebras studied in the context of 

axiomatization from quantum mechanics. In [4] we introduce and study the basic 

concepts of the Jacobi-Jordan algebras theory such as: representations, crossed 

products, Frobenius objects, co-flag objects, etc.  Moreover, to any nilpotent 

Jacobi-Jordan algebra with nilpotency index at most 3 we associate a canonical 

solution to the celebrated Yang-Baxter equation, offering a new motivation 

(coming from quantum groups) for studying this class of algebras. What we have 

called in [3] the global extension problem it is approached for Jacobi-Jordan 

algebras as well and completely solved from theoretical point of view. A global 

non-abelian coomology object responsible for the extension problem in its global 

form is constructed. In this paper we introduced a part of the tools necessary for 

studying these algebras: we will certainly study them further in the future 

considering the importance they appear to have as objects situated somewhere 

between Lie algebras and associative algebras. 

 

The paper [5] has as the main result Ito’s theorem for Leibniz algebras. At the 

level of groups, the theorem was proved by Ito in 1954 and it is still one of the best 

results obtained so far to the celebrated and difficult  factorization problem : it 

asserts that any group G which is the product of two abelian subgroups is 

metabelian. Ito’s theorem was the starting point of many structural results in the 

theory of finite groups. At the level of Lie algebras the counterpart of this result 

was proved in 1995 by Bahturin and Kegel. Leibniz algebras are noncommutative 

generalizations of Lie algebras: Ito’ s theorem remains valid for them as well but 

the proof we provide is completely different than the Lie algebra case although it is 

in the same spirit as the one for groups. Moreover, in [5] we provide a structure 

theorem for metabelian Leibniz algebras (in particular for Lie algebras as well) and 

as an application we classified all Leibniz algebras with derived algebra of 

dimension or codimension 1,  pointing out in the last case the difficulty of the 

problem: a new theory, more general than the classical classification of bilinear 

forms, needs to be developed. As another application, the automorphisms group of 

these Leibniz algebras is completely described as subgroups in a certain semi 

direct product of groups. 
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